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Abstract—In this paper, a semi-analytical approach
called the Method of Directly Defining inverse Mapping
(MDDiM) is applied to obtain an approximation series
solution for the time-dependent reaction-diffusion
problems. This novel approach is being applied to
reaction-diffusion problems for the first time. Reaction-
diffusion equations are used to describe, in modeling,
nonlinear systems across various fields, including physics,
chemistry,  ecology, biology, and engineering.
Traditionally, perturbation and asymptotic methods were
widely used to obtain analytical approximations for
nonlinear problems. However, these methods often failed
under strong nonlinearity conditions. To overcome this
obstacle, Shijun Liao introduced the Homotopy Analysis
Method (HAM) in 1992, which is effective for highly
nonlinear problems. However, determining the unknown
functions requires computing the inverse of the linear
operator. In scientific computing, calculating the inverse
operator for a differential equation is a time-consuming
process. To overcome this obstacle, in 2016 Liao
introduced a new approach, namely the Method of
Directly Defining inverse Mapping (MDDiM) with the
freedom to choose the inverse linear mapping directly.
The proposed method achieved a remarkable level of
accuracy for solutions even with few iterations. Therefore,
it can be concluded that MDDIM is not only easy to use
but also accurate.
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VI. INTRODUCTION

One-dimensional time-dependent
diffusion equation is expressed as follows:

reaction-

nonlinear systems in fields such as physics,
chemistry, ecology, biology, and engineering
[1-4]. Lesnic [5] provided approximate series

solutions for reaction- diffusion problems
ou o’u
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using the analytic Adomian Decomposition
Method (ADM). Dehghan and Shakeri

[6] also employed the Variational Iteration
Method (VIM) to obtain similar approximate
solutions for these problems. Bataineh, Noorani,
and Hashim [7] used the Homotopy Analysis
Method (HAM) to solve Cauchy reaction-
diffusion problems. In 2016, the Method of
Directly Defining inverse Mapping (MDDiM)
was introduced by Liao [8] to solve a nonlinear
ordinary differential equation. The Method of
Directly Defining inverse Mapping builds upon
the Homotopy Analysis Method [9-12], an
analytical approximation technique used for
solving highly nonlinear differential equations.
This method allows the freedom to choose the
inverse linear mapping directly, avoiding the
need to calculate the inverse of an operator.
Recently, the MDDiIM was extended by
Vajravelu and his research group [13-17] to
systems of nonlinear ordinary differential
equations. Also, this novel technique was further
developed to solve single and coupled nonlinear
PDEs [18-19]. In this study, we further applied
this novel method to address Cauchy reaction-
diffusion problems. All computational results
were achieved using Maple 16.

VIl.  MATERIAL AND METHODS

First of all, we describe the basic ideas of the
MDDiM.

Cansider the following nonlinear partial
differential
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57 (6 0) = Dy (0, 0) + 1, ulx, ¢),

(x,t) € Q c R?,
@
equation,

Nu(x)] =0, x€eQ,

(4)where u is the concentration, r is the reaction
parameter and D > 0 is the diffusion coefficient.
The initial and boundary conditions are

subject to u linear boundary conditions
independent. All functions that are expressed
by S,

form a set of functions, denoted by V =

s ai(x). The approximate solution comes
from

this space. Next define the space for the initial
guess

gf* =>* a ¢ (x),taking the linear combination

k=0 k k

first u functions of the set S, , and V

Y™ b (x)so that V=V+V. Assume that
k=p+l k k

1b¢(:E) € V and the u unknown coefficients can
e

uniquely determined by the u linear

boundary conditions  (5). Similarly,
letting Sk =
{p(x), Po(x), ...} and then define U =

Yl capi(x) so that M[u(x)] € U. Finally
directly defining the inverse mapping @: U — V.
We obtain the

Fglrl?nvgmg higher order deformation equations

MDDIiM [8,19]:

SI;i[,"'l'(x—)]:ﬁiy atx_:(x_lu i=112131--'1.u'

®)

u(x, 0) = f(x),
u

u(0, ) = golt),

X € R,

ox 0,t) = gi(t), teEN.

Example 1. Case r = constant

Taking D = 1 and r = —1, problem (1)-(3) becomes:

0 (x,t)=0u (x,t)—ulx,t), (x,t)eQc

u R,
— )

— 0x?

dat

subject to the initial and boundary conditions

}JL{(X, 0O)=ex+x=f(kx), xE€ (10)
u(0,t)=1=g (1), (11)
(0,t)=et—1=g (t), tE€R. (12)

0x 1

Then, it was straight forward to choose initial
guess

ug(x, t) = e > + x. In the frame work of the
MDDiM, we directly defined the inverse mapping,
D.U—->V

tk+l
Ak +1
(13)

D[tk]
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we(x) = pi-1(x) + co@[Sy-1(x)]

+ Z ak,n(pn(QE)-

(6)

where 4 is constant to be selected. The
special solutions is; =1

For the error analysis, we first consider the
n t&rm solution (or the approximate series
solution) u(x) =

we(x, t) = pa-a(x, t) + co®[Dy-a] + axo,

where a, o determined by u,(x, 0) = 0.

uo(x) + X7 u(x), using (6) and choosing an
appropriate initial guesses ug(x). Then, by
adding the first n terms of the series solution,

Fig. 2 Graph of the approximations solution and exact

solution for example 1.

A. Example 2. Case r = r(t)
Taking D=1 and r(t) =2t , problem (1)-
(3) becomes:

ou
i (x, t) = (x, t) + 2tu(x, t),

subject to the initial and boundary
conditions 0

u(x,0) = ex = f(x), x €N,

we define square. uniquely determined by
the u linear boundary conditions (5).
Similarly, letting Sg =

Ll (¥Y ha(¥) 1 and then define 1]

0.00013
0.00012]
0.00011
0.00010-
000009
000008
0.00007
000006
000005
0000041

E(c0,4)

Fig. 3. Plot of E(co, A), the squared residual error as a
function of ¢, and A for example 2. The error function
has minimum

E(co, A) = 3.5003 x 10°° where co = —0.8189 and A = 0.5113.
0*u

(x,t) € Q c R,

u(0,t) = e’ = g (2),
d
" (0,t) = et =g (t), t €R.
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0x L

Then, it was straight forward to choose initial
guess

ug(x, t) = ex. In the frame work of the MDDiM,
the same inverse mapping (13) was used.

The special solutions is

we(x, t) = wawea(x, t) + co®@[Dy1] + aro,  (20)
where a, o determined by u,(x, 0) = 0.

Lising only five terms, let wu(x,t) = uo(x,
t) +

u(x, t) + us(x, £) + us(x, t) + ug(x, t). The sum
of

squared residual error functions is given by

499 499 i j 2

(3) becomes:

0 (x,t) =02 (x, t) — (1 + 4xd)ulx, v),

u (22)

— 0x?
ot

Q 2 ..
gﬁbjt%c%to tﬁeiﬁntlal and boundary conditions
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E(co. 4) =550000 2 = WV [a (5

500
fx), x€WR,

CONCLUSIONS

In this paper, MDDIiM was developed and applied
to solve Cauchy reaction-diffusion problems, which
are common in various scientific phenomena. Since
the direct definition of the inverse operator, the series
solutions were obtained using less CPU time, low
error, and less complicated terms. The proposed
technique produces a highly accurate and reliable
solution to the problems in a few iterations. Therefore,
it can be concluded that MDDIiM is not only easy to
use but also accurate.
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