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ABSTRACT 

Graph theory has a wide range of applications in 

natural sciences such as biology, chemistry, 

physics, computer science, engineering, etc. 

Since the second half of the last century, 

mathematicians have tended to rewrite existing 

mathematics in the language of category theory, 

as it provides a more transparent and conceptual 

foundation. Other advantages of this approach, 

over set theory, include uncovering previously 

unseen relationships and providing a gateway to 

transport ideas between different fields of 

mathematics. Following this idea, we apply some 

categorical concepts to graph theory in this 

research. First, we recognize a new product for 

pointed simple reflexive graphs, and the binary 

product in the category of such graphs is called 

the smash product. We also realize the set of 

based point preserving graph homomorphisms 

between two given pointed simple reflexive 

graphs as another such graph. Finally, we 

establish a duality result between smash product 

and graph of based graph homomorphism, which 

is reminiscent of the classical smash-hom 

adjunction for pointed topological spaces. In 

future work, we will show this correspondence is 

a genuine adjunction and prove that simple 

reflexive graphs form a symmetric monoidal 

category with the smash product. 

1. INTRODUCTION 

Classical graph theory plays a vital role in 

discrete mathematics, both in the abstract and in 

the applied sense. A graph 𝐺 is a geometrical 

object representing a set of objects and 

connections, possibly more than in one way,  

 

between them. According to the precise 

formulation, there are few different types of 

graphs, namely, simple graphs, directed graphs, 

weighted graphs, etc.  

 

Category theory is the subject that describes 

abstract structures and their relations in 

mathematics. For instance, class of all graphs, of 

a particular kind, and homomorphisms between 

them form a category. In this study we study 

some properties of special type of graphs called 

the pointed simple reflexive graph form category 

theoretical point of view.  

 

First, we are recognized a new product for 

pointed simple reflexive graphs, which is the 

binary product in the category of such graphs, 

called the smash product. After that a graph 

representing the based point preserving graph 

homomorphisms (internal hom) is introduced 

between two given pointed simple reflexive 

graphs. As the culminating result, we establish a 

duality between smash product and graph of 

based graph homomorphisms.  

2. MATERIALS AND METHODS 

In this section will be introduce the basic 

information and notations needed to understand 

our work.  

2.1. Preliminaries 

Below we provide definitions of each of the 

concepts we used in this study. 

 

Definition 1 (Pointed Simple Reflexive Graph) 
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A pointed simple reflexive graph 𝐺 is a pointed 

set 𝑉 (set of vertices with a distinguished vertex) 

equipped with a reflexive and symmetric relation 

𝐸 (adjacency) on 𝑉. 

  

We can elaborate these technical terms 

differently as follows:  

a)  Simple: There is a symmetric function 

Adj𝐺 ∶ 𝑉 × 𝑉 → ℤ2 represinting the 

adjacency. 

Consequently, edges are bidirectional 

and there are no multi-edges between 

vertices.  

b)  Reflexive: Adj𝐺 assigns 1 to each 

element in the diagonal of 𝑉 × 𝑉. 
In other words, there is a self-loop at 

each vertex 𝑣 ∈ 𝑉. 
 

c)  Pointed: There is a distinguished graph 

homomorphism 𝑒𝐺 ∶                  .     
Image of this map in 𝐺 will be referred 

as the base point of 𝐺. 

 

Definition 2 (Based Graph Homomorphisms) 

Let 𝐺 and 𝐻 be pointed simple reflexive graphs. 

A based (or pointed) graph homomorphism 𝑓 ∶
𝑉(𝐺) ⟶ 𝑉(𝐻)  is a relation and base point 

preserving function.  

 

Definition 3 (Tensor Product of Pointed Simple 

Reflexive Graphs) 

The tensor product 𝐺 ⊗ 𝐻 is the canonical 

relation defined on the cartesian product 𝑉(𝐺) ×
𝑉(𝐻). 
i.e., Two points (𝑔1, ℎ1) and (𝑔2, ℎ2) are related 

in 𝑉(𝐺) × 𝑉(𝐻) if and only if 𝑔1 is related to 𝑔2 

in 𝑉(𝐺) and ℎ1 is related to ℎ2 in 𝑉(𝐻). 

Also, when component graphs are pointed with 

𝑒𝐺 ∈ 𝑉(𝐺) and 𝑒𝐻 ∈ 𝑉(𝐻) there is an obvious 

based point (𝑒𝐺 , 𝑒𝐻) in 𝑉(𝐺) × 𝑉(𝐻).  
 

Definition 4 (Smash Product of Pointed Simple 

Reflexive Graphs) 

The quotient 𝑉(𝐺) × 𝑉(𝐻) ∼⁄  by the 

equivalence relation 𝑥 ∼ 𝑦 if both are in the set 

({𝑒𝐺} × 𝐻) ∪ (𝐺 × {𝑒𝐻}) has a natural base point 

(𝑒𝐺 , 𝑒𝐻)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  given by equivalence class of the base 

point. Smash product 𝐺 ∧ 𝐻 is the (reflexive and 

symmetric) relation on this set defined by  

a) When none of the components are the 

base point (𝑔1, ℎ1) ∼ (𝑔2, ℎ2) (i.e., 

adjacent in the smash product graph) 

provided 𝑔1 ∼ 𝑔2 in 𝑉(𝐺) and ℎ1 ∼ ℎ2 

in 𝑉(𝐻); 

b) (𝑔1, ℎ1) ∼ (𝑒𝐺 , 𝑒𝐻) or (𝑒𝐺 , 𝑒𝐻) ∼
(𝑔1, ℎ1) provided the existence of  

some (𝑔2, ℎ2) ∈ ({𝑒𝐺} × 𝐻) ∪ (𝐺 ×
{𝑒𝐻}) such that 𝑔1 ∼ 𝑔2 in 𝑉(𝐺) and 

ℎ1 ∼ ℎ2 in 𝑉(𝐻). 

 

One can think of the smash product as the 

quotient graph 𝐺 ⊗ 𝐻/({𝑒𝐺} × 𝐻) ∪ (𝐺 ×
{𝑒𝐻}). Observe that there is a surjective based 

graph homomorphism 𝜋 ∶ 𝐺 ⊗ 𝐻 → 𝐺 ∧ 𝐻 

given by 

𝜋((𝑔, ℎ))

= {
(𝑔, ℎ),                 if no entry is a base point

(𝑒𝐺 , 𝑒𝐻), if one enrtry is a base point
 

In particular, when 𝐺, 𝐻 are finite graphs with 

|𝑉(𝐺)| = 𝑚 + 1 and |𝑉(𝐻)| = 𝑛 + 1 their 

smash product is another finite graph with 

𝑉(𝐺 ∧ 𝐻 ) = 𝑚𝑛 + 1.   
 

Definition 5 (Internal Hom of Pointed Simple 

Reflexive Graphs) 

Let 𝐺 and 𝐻 be pointed simple reflexive graphs. 

The set of base graph homomorphisms 𝐺 → 𝐻 

form a pointed simple reflexive graph itself under 

the following relation: 𝜑 ∼ 𝜙 provided that for 

all 𝑔1 ∼ 𝑔2 in 𝑉(𝐺) we have 𝜑(𝑔1) ∼ 𝜙(𝑔2) in 

𝐻. This graph is denoted by Hom∗(𝐺, 𝐻), and its 

base point is the constant graph homomorphism 

𝑒Hom∗(𝐺,𝐻)(𝑔) = 𝑒𝐻 for all 𝑔 ∈ 𝐺. 

3. RESULTS AND DISCUSSION 

Theorem 

For any pointed simple reflexive graphs 𝐺, 𝐻 and 

𝐾, there are two universal based graph 

homomorphisms 𝜂𝐺: 𝐺 ⟶ Hom∗(𝐻, 𝐺 ∧ 𝐻) and 

𝜀𝐾: Hom∗(𝐻, 𝐾) ∧ 𝐻 ⟶ 𝐾 with following 

factorizations: 

 

i. for any 𝑓 ∶ 𝐺 ⟶ Hom∗(𝐻, 𝐾) there is a 

unique based graph homomorphism  

𝑓∗ ∶  Hom∗(𝐻, 𝐺 ∧ 𝐻) ⟶  Hom∗(𝐻, 𝐾) 

such that 𝑓 = 𝑓∗ ∘ 𝜂𝐺. 
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ii. for any 𝐹 ∶ 𝐺 ∧ 𝐻 ⟶ K there is a 

unique based graph homomorphism 

 𝐹! ∶ 𝐺 ∧ 𝐻 ⟶ Hom∗(𝐻, 𝐾) ∧ 𝐻 such 

that 𝐹 =  𝜀𝐾 ∘ 𝐹!. 

 

 

 

 

 

 

 

 

 

 

 

 

Proof  

Let us prove the existence of 𝜂𝐺: 𝐺 ⟶
Hom∗(𝐻, 𝐺 ∧ 𝐻)  as a base point preserving 

graph homomorphism. Define the underlying 

map between set of vertices as 𝜂𝐺(𝑔)(ℎ) =
(𝑔, ℎ). 
 

First, we shall show that this map is well defined, 

i.e., 𝜂𝐺(𝑔) is a based graph homomorphism 

between 𝐻 → 𝐺 ∧ 𝐻 for each 𝑔 ∈ 𝐺.  
a) Note that 𝜂𝐺(𝑔)(𝑒𝐻) = (𝑔, 𝑒𝐻) =

(𝑒𝐺 , 𝑒𝐻)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , and therefore a base point 

preserving map. 

b) Let ℎ1~ℎ2 ∈ 𝑉(𝐻) (that is, adjacent in 

𝐻), then according to definition of the 

smash product, 𝜂𝐺(𝑔)(ℎ1) = (𝑔, ℎ1) 

and 𝜂𝐺(𝑔)(ℎ2) = (𝑔, ℎ2) are adjacent 

in 𝐺 ∧ 𝐻. Therefore 𝜂𝐺(𝑔) is a graph 

homomorphism.  

 

Since 𝜂𝐺 is well defined, we can proceed to show 

that it preserves the base point of 𝐺 and it is 

indeed a graph homomorphism. 

a) For any ℎ ∈ 𝐻 

𝜂𝐺(𝑒𝐺)(ℎ) = (𝑒𝐺 , ℎ) = (𝑒𝐺 , 𝑒𝐻)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

and therefore 𝜂𝐺(𝑒𝐺) = 𝑒Hom∗(𝐻,𝐺∧𝐻) is 

the base point of Hom∗(𝐻, 𝐺 ∧ 𝐻). 
b) Suppose 𝑔1~𝑔2 ∈ 𝑉(𝐺). By the 

definition of smash products, we have 

the adjacency of 

𝜂𝐺(𝑔1)(ℎ1) = (𝑔1, ℎ1) ∼ (𝑔2, ℎ2)
= 𝜂𝐺(𝑔2)(ℎ2) 

 

in 𝐺 ∧ 𝐻 for any ℎ1~ℎ2 ∈ 𝑉(𝐻). Hence 

𝜂𝐺(𝑔1) ∼ 𝜂𝐺(𝑔2) in 𝑉(Hom∗(𝐻, 𝐺 ∧

𝐻)). In other words, 𝜂𝐺 is a graph 

homomorphism. 

 

Finally, we prove the factorization property of 

the universal map 𝜂𝐺. Take an arbitrary based 

graph homomorphism 𝑓: 𝐺 ⟶ Hom∗(𝐻, 𝐾). In 

particular, we know that 𝑓(𝑒𝐺)(ℎ) = (𝑒𝐺 , ℎ) ∈
𝑉(Hom∗(𝐻, 𝐾)) for any and ℎ ∈ 𝐻, where 𝑒𝐺 ∈
𝐺 is the base point. For this, we shall find a map 

𝑓∗: Hom∗(𝐻, 𝐺 ∧ 𝐻) ⟶ Hom∗(𝐻, 𝐾), and let’s 

take it to be such that 𝑓∗(𝜑)(ℎ) =

𝑓 (𝜋1(𝜑(ℎ))) (ℎ). It can be easily shown that 𝑓∗ 

is well defined base point preserving graph 

homomorphism, and its composition with 

𝜂𝐺  recovers 𝑓. i.e., 𝑓 = 𝑓∗ ∘ 𝜂𝐺.  

     

Second part of the theorem follows from a 

mutatis mutandis proof. 

4. CONCLUSION 

In this work, we establish a duality result 

between smash product and graph of based graph 

homomorphisms, which reminiscent the classical 

smash-hom adjunction between pointed 

topological spaces such that for any pointed 

simple reflexive graphs 𝐺, 𝐻 and 𝐾, there are two 

universal based graph homomorphisms 𝜂𝐺: 𝐺 ⟶
Hom∗(𝐻, 𝐺 ∧ 𝐻) and 𝜀𝐾: Hom∗(𝐻, 𝐾) ∧ 𝐻 ⟶
𝐾. In addition to that, these two graph 

homomorphisms have unique factorization 

properties 𝑓 = 𝑓∗ ∘ 𝜂𝐺 and 𝐹 =  𝜀𝐾 ∘ 𝐹! 

respectively. These two factorization properties 

were established by creating factor maps 𝑓∗, 𝐹! 

And showing they have all the desired properties. 

As a future work, we wish to show simple 

reflexive graphs form a symmetric monoidal 

category with the smash product, and implement 

this duality to an honest categorical adjunction. 
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